Abstract. It has been proved by Bergh and Thaule that the higher mapping cone axiom is equivalent to the higher octahedral axiom for n-angulated categories. In this note, we use homotopy cartesian diagrams to give several new equivalent statements of the higher mapping cone axiom, which are applied to explain the higher octahedral axiom.
introduction
Let n be an integer greater than or equal to three. The notion of n-angulated category is introduced by Geiss, Keller and Oppermann in [5] as the axiomatization of some (n−2)-cluster tilting subcategories of triangulated categories. In particular, a 3-angulated category is the classical triangulated category. The examples of nangulated categories can be found in [5, 4] . Bergh and Thaule discussed the axioms of n-angulated categories systematically [3] . They showed that for n-angulated categories, the higher mapping cone axiom is equivalent to the higher octahedral axiom. It is proved in [1] that the morphism axiom is redundant for n-angulated categories.
The first aim and motivation of this note is to understand the higher octahedral axiom. The n-angle induced by the higher octahedral axiom seems very mysterious, because it involves a lot of objects and morphisms. How do they behave together? What are the morphisms of n-angles we can infer from the higher octahedral axiom?
The second motivation is to discuss other equivalent statements of the higher mapping cone axiom. As we all know, there are quite a few equivalent statements of octahedral axiom such as homotopy cartesian axiom, cobase change axiom and so on, which are used to construct triangles under varied conditions. Can we get their higher versions?
It will turn out that homotopy cartesian diagrams provide a useful method to achieve our two goals. Actually, the notion of homotopy cartesian diagrams in nangulated categories is first introduced in [3] . For triangulated case, we can find homotopy cartesian square in [9, 8, 7] . Since a homotopy cartesian square is the triangulated analogue of pushout and pullback square in an abelian category, inspired by the definition of n-pushout and n-pullback diagrams in n-abelian categories [6] , we give an equivalent definition of homotopy cartesian diagrams to avoid dealing with the symbols (−1) i in the n-angle (see Remark 2.4 for details). Then we prove that the higher mapping cone axiom is equivalent to the higher homotopy cartesian axiom, which is implied but not state explicitly in [3] . At last, we will use homotopy cartesian diagrams to give several other somewhat new equivalent statements of the higher mapping cone axiom.
This note is organized as follows. In Section 2, we first recall the definition of n-angulated categories, then introduce the notion of homotopy cartesian diagrams and provide some needed facts. In Section 3, we use homotopy cartesian diagrams to give several new equivalent statements of the higher mapping cone axiom.
n-angulated categories and homotopy cartesian diagrams
For convenience, we recall the definition of n-angulated categories from [5] . Let C be an additive category equipped with an automorphism Σ : C → C. An n-Σ-sequence in C is a sequence of morphisms
Its lef t rotation is the n-Σ-sequence
An n-Σ-sequence X • is exact if the induced sequence
commutes where each row is an n-Σ-sequence. It is an isomorphism if ϕ 1 , ϕ 2 , · · · , ϕ n are all isomorphisms in C.
Definition 2.1. ( [5] ) Let C be an additive category, Σ an automorphism of C and Θ a collection of n-Σ-sequences. We call (C, Σ, Θ) a pre-n-angulated category and call the elements of Θ n-angles if Θ satisfies the following axioms: (N1) (a) Θ is closed under isomorphisms, direct sums and direct summands.
(b) For each object X ∈ C the trivial sequence
there exists an n-Σ-sequence in Θ whose first morphism is f 1 .
(N2) An n-Σ-sequence belongs to Θ if and only if its left rotation belongs to Θ. (N3) Each commutative diagram
with rows in Θ can be completed to a morphism of n-Σ-sequences.
If Θ moreover satisfies the following axiom, then (C, Σ, Θ) is called an n-angulated category:
(N4) In the situation of (N3), the morphisms ϕ 3 , ϕ 4 , · · · , ϕ n can be chosen such that the mapping cone
The following theorem means that for n-angulated categories the higher mapping cone axiom is equivalent to the higher octahedral axiom. 
whose rows are n-angles, there exist morphisms 
In the rest of this section, we assume that all n-angles are in a pre-n-angulated category (C, Σ, Θ).
in a pre-n-angulated category C is called a homotopy cartesian diagram if the following n-Σ-sequence
is an n-angle, where ∂ is called a dif f erential.
2) in the definition of homotopy cartesian diagram is slightly different from the one in the definition given in [3] . But the two n-angles are isomorphic:
Since a homotopy cartesian square is the triangulated analogue of a pullback and pushout square in an abelian category, we can compare our definition with the notion of n-pushout and n-pullback diagram in n-abelian categories [6] .
be a commutative diagram where each row is an n-angle. Then as an n-Σ-sequence, the mapping cone C(ϕ • ) is isomorphic to the direct sum of Z • and X ′ • , where
In particular, C(ϕ • ) is exact if and only if Z • is exact.
Proof. It is easy to check that we have the following commutative diagram
whose second row is the direct sum of Z • and X 
be a commutative diagram whose rows are n-angles. Then
is a homotopy cartesian diagram with the differential Σf 1 · g n if and only if
is a homotopy cartesian diagram with the differential Σf 1 · h n .
Proof. By Lemma 2.6(a), the n-angles X • , Y • and Z • are exact. Since the class of exact n-Σ-sequences is closed under mapping cones, we obtain that the mapping cones C(ϕ • ) and C(ψ • ϕ • ) are also exact. It is easy to see that we have the following commutative diagram
whose rows are exact n-Σ-sequences by Lemma 2.5. The result holds by definition and Lemma 2.6(b).
equivalent statements of higher mapping cone axiom
In this section, we develop some equivalent statements of higher mapping cone axiom to explain the higher octahedral axiom. We leave the dual statements to the reader. Let
be a commutative diagram whose rows are n-angles. Then there exist morphisms ϕ i : X i → Y i for 3 ≤ i ≤ n such that the following
is a homotopy cartesian diagram and Σf 1 · g n is the differential.
Proof. Assume that Θ satisfies (N4), then there exist morphisms ϕ i : X i → Y i for 3 ≤ i ≤ n such that the mapping cone C(ϕ • ) is an n-angle. Since the class of n-angles is closed under direct summands, the remaining part of (N4-1) follows from Lemma 2.5. Conversely, we assume that Θ satisfies (N4-1). Given a commutative diagram
whose rows are n-angles. The following commutative diagram
shows that the first row is an n-angle since the second row is a direct sum of two n-angles. By (N4-1), the following diagram
can be completed to a morphism of n-angles such that the following sequence
is an n-angle, where ϕ ′ n = −f n by the commutativity of the above rightmost square. 
such that the second row is an n-angle and
is a homotopy cartesian diagram where (−1) n f n · g n−1 is the differential. (c) Θ satisfies (N4-3):
Given two morphisms f 1 : X 1 → X 2 and ϕ 2 : X 2 → Y 2 , there exists a commutative diagram
such that each row is an n-angle and
is a homotopy cartesian diagram where Σf 1 · g n is the differential.
Proof. (a) ⇒ (b). By (N2) and (N1)(c), we have the following commutative diagram − −−−−− → ΣX 2 is an n-angle. Then (c) follows from (N4-2).
(c) ⇒ (a). Given a commutative diagram
whose rows are n-angles. By (c), there exists a commutative diagram
is a homotopy cartesian diagram where Σf 1 · g ′ n is the differential. It follows from (N3) that we have the following commutative diagram
whose rows are n-angles. Lemma 2.7 and its dual imply that
Remark 3.3. The axiom (N4-1) and axiom (N4-2) are the higher analogues of homotopy cartesian axiom and cobase change axiom respectively. We can see [8, 7, 2] for reference. Now we will use the higher homotopy cartesian axiom (N4-1) to explain the higher octahedral axiom (N4 * ). 
whose rows are n-angles, there exist morphisms ϕ i :
is commutative where each row is an n-angle.
(c) Θ satisfies (N4-5): Given two morphisms f 1 : X 1 → X 2 and ϕ 2 : X 2 → Y 2 , there exists a commutative diagram (3.1) such that each row is an n-angle.
Proof. (a) ⇒ (b)
. By (N4-1), there exist morphisms ϕ i : X i → Y i for 3 ≤ i ≤ n such that the diagram (3.1) involving the first two rows is commutative and the third row is the n-angle given by the homotopy cartesian diagram. By (N4-1) again, there exist morphisms ψ j : Y j → Z j for 3 ≤ j ≤ n and θ k : X k → Z k−1 for 4 ≤ k ≤ n such that the diagram involving the third row and the fourth row is commutative, and the n-angle given by the homotopy cartesian diagram is the direct sum of the fifth row and the trivial n-angle on Y 2 . Other communicative squares are trivial.
(b) ⇒ (a). It is clear.
Since axiom (N4-1) is equivalent to axiom (N4-3) by Theorem 3.2, the proof of (a) ⇔ (b) implies (a) ⇔ (c). 
where the second row is the n-angle (2.1) given by higher octahedral axiom (N4 * ). Indeed, (N4-4) is nothing but the proof of (N4) implying (N4 * ). Moreover, by (N4-4) we can obtain the morphisms of n-angles hidden in (N4 * ).
